Abstract-The higher order method of moments (HMOM) has been proposed to calculate the bistatic scattering from two-dimensional (2D) perfectly electric conducting (PEC) rough surface in this paper. The electric field integral equation (EFIE) is solved through the HMOM with the hierarchical higher order basis functions which are the modified Legendre polynomials. The non-uniform rational B-spline (NURBS) surface is applied to model the plane surface related to the rough surface. Validity of this approach is shown by comparing the bistatic scattering coefficient (BSC) to that of lower order MOM (LMOM) with the Rao-Wilton-Glisson (RWG) or rooftop basis function. This approach has fewer segments in the parametric directions than the LMOM with rooftop basis, and is more efficient for the fewer unknowns and requires less memory than the LMOM with RWG basis. Properties of bistatic scattering from a 2D Gaussian rough surface are also exhibited and analyzed.
INTRODUCTION
Electromagnetic (EM) wave scattering from the rough surface has been extensively studied over the past decades and is a popular topic to researchers [1] [2] [3] [4] , for its important role in surface physics, satellite remote sensing, radar data interpretation and signal processing problems. There have been many methods to solve this scattering problem such as the methods based on the approximate analytical method and the numerical methods from the Maxwell's equations. Three of the most widely used analytical methods are the Kirchhoff approximation (KA) [5] , the small perturbation method (SPM) [5] , and the small slope approximation (SSA) [6] . Numerical methods have more general applicability and have been widely presented to compute the EM scattering from rough surface [7] [8] [9] . In these numerical methods, the MOM technique [10] is more widespread and accepted for its high accuracy. Unfortunately, the number of unknowns with the 2D rough surface modeled by the flat triangular patch is extremely large, which leads to the computational requirements increasing and impossible to solve by the LMOM with the RWG basis [11] on the personal computer. When there are 64 discrete points both along the x and y directions, the surface current unknowns will be N = 11781 with the flat triangular patch. New geometric modeling methods have been considered to reduce the number of unknowns, such as, the quadrilateral patch [12] and the NURBS surface [13] . The number of unknowns will be N = 8096 with the quadrilateral patch or N = 760 with the NURBS surface to deal with the scattering problem mentioned above. It is obviously found that the number of unknowns with the NURBS surface has been greatly reduced.
A hierarchical higher order basis includes the lower order basis, e.g., the RWG [11] and the rooftop [14] . Here, the modified Legendre polynomials [15] , which impose the continuity between neighboring elements and maintain most of their satisfied characters, have been chosen as the hierarchical higher order basis. And this hierarchical higher order basis has lower matrix condition number than the power series [16] . To directly generate the impedance matrix, the position vectors of the source points and field points will be repeatedly computed for different orders and consumed time. In this paper, the position vectors have been independently calculated on the orders of the basis functions to reduce the computing time. When the EFIE is discretized with the hierarchical higher order basis function to a matrix equation, the 1/R singularity will be inevitable. In [16] , the integral has been divided into two parts on account of Taylor's formula. In [17] , the singularity cancelation method has been applied to treat the singular integrals via coordinate transformation. In this study, the singular integrals are treated by dividing the source patch into five subpatches. The integrand of the four edge sub-patches is handled similar as the nonsingular parts. The singularity subtraction method [18] is applied in the middle sub-patch.
The purpose of this paper is efficiency and accuracy in calculating the bistatic scattering from 2D PEC rough surface by the HMOM based on the previous work [13, [19] [20] [21] [22] of our research teams. To our knowledge, this is the first time that the HMOM is introduced to calculate the BSC of rough surface, and the BSC is obtained and compared to that of LMOM with RWG or rooftop basis function to verify the validity. This paper is organized as following. There are three points in Section 2: (1) modeling the 2D rough surface with the NURBS surface; (2) definition of the hierarchical higher order basis functions; (3) formulas of bistatic scattering from 2D PEC rough surface calculated through the HMOM method. Section 3 presents the optimized process in generating the impedance matrix and the treatment of the singular integrals. Validity of the technique proposed in this paper is firstly shown in Section 4. Several numerical results and analyses are also exhibited in Section 4 to discuss the influences of polarization, rms height and correlation length of the Gaussian rough surface on the BSC. Section 5 ends with a summary of this paper and the proposition about further investigation in this topic.
FORMULAS

Modeling the 2D Rough Surface with the NURBS Surface
How to simulate a 2D Gaussian rough surface is proposed in detail in [12] . In this study, δ and l are the rms height and the correlation length of the Gaussian rough surface, respectively. The edge length of the Gaussian rough surface is denoted by L. Figure 1 illustrates a geometric model of a 2D Gaussian rough surface, where δ = 0.1λ, l = 1.0λ, ∆x = ∆y = 0.1λ and L = 6.3λ. Definition of the NURBS surface is shown in [23] . To model the Gaussian rough surface with the NURBS surface, the plane surface (z = 0) related to the rough surface is firstly modeled by the NURBS surface (see Figure 2 ). Then the control points, the degrees and the weights for each control points can be obtained through the IGES standard. After obtaining the height function of the Gaussian rough surface, the control points of the plane surface are replaced by the corresponding data of the rough surface. The weights and degrees of the plane surface are still used. Then the Gaussian rough surface can be reconstructed by the parameters of the plane surface and its height function.
Definition of the Hierarchical Higher Order Basis Functions
Definition of the higher order basis functions for MOM calculations are given in [24] based on the higher order geometry. In this paper, the modified Legendre polynomials proposed by Jørgensen et al. [15] are presented as the hierarchical higher order basis functions as following, which impose the continuity between neighboring elements and maintain most of their satisfied characters.
and p m (u) is the Legendre polynomial and satisfies Then the elements of the normalized inner product matrix [S 1D ] can be defined as
The normalized inner product matrix [S 1D ] for the modified Legendre polynomialp m (u) is illustrated in Figure 3 . One can observe that p m (u) provides a diagonally strong [S 1D ]. Using the higher order basis function of the modified Legendre polynomials of (1), the u-directed current J u s (u, v) can be written as
where,p m (u) is the modified Legendre polynomial, p n (v) the Legendre polynomial, and r u (u, v) and r v (u, v) the u-directed and v-directed partial derivatives, respectively. N u is the order of J u s , and α mn are unknown coefficients.C u m and C v n are defined as
The surface divergence of
The
are defined similar as those in (4) and (7), respectively.
Formulas of Bistatic Scattering from 2D PEC Rough Surface by the HMOM
Suppose an EM wave impinging upon a 2D PEC Gaussian rough surface with the height function z(r s ) as shown in Figure 4 To avoid the artificial edge diffraction resulting from the finite length of the simulated rough surface, the incident wave can not be simply chosen as a plane wave, and should be expressed as a Gaussian beam which has a Gaussian shape with half-width W centered at r s = 0 in the z = 0 plane. Consider an incident Gaussian beam, which uses a summation of plane waves, illuminating the geometry model as shown in Figure 4 , which is exhibited as [12] 
here
. L denotes the edge length of the rough surface. The summation over K = k xx + k yŷ is computed with k x and k y being multiples of 2π/L. k z satisfies
V and H indicates the incident Gaussian beam is considered at vertical or horizontal polarization. The magnitude of the Gaussian beam normally incident on a 2D Gaussian rough surface is shown in Figure 5 . Then the EFIE for solving the surface current unknown J(r) is [25] n represents the unit normal vector of the rough surface. η 0 is the wave impedance, and G(r, r ) indicates the Green's function in the free space, i.e.,
To discretize the EFIE, the surface current unknown J(r) is expanded into a set of hierarchical higher order basis function, and the Galerkin technique is applied as the testing function. Then the EFIE can be converted into the following matrix equation
where,Z is the impedance matrix with elements [16] 
J n and W m are the basis function and the testing function. S m and S n are the patches corresponding to W m and J n . And the matrixZ can be also written asZ
where, greater than one order of W m and J n are used to obtainZ HH , and zero or one order of them are applied to getZ LL . Similarly, one can computeZ HL andZ LH . How to generate Z mn will be provided in detail in Section 3.
The voltage vectorV has elements as
here, greater than one order of W m is applied to computeV H , and zero or one order of W m is used to calculateV L . After solving the matrix Equation (12), the surface current J(r) is obtained. In the observational direction withk s , BSC can be defined as [12] 
and,
where, θ K is the incident angle of each plane wave of the Gaussian beam.
GENERATING THE IMPEDANCE MATRIX
Generating the Impedance Matrix
From (13), it is observed that calculating the double integrals is the kernel of generating the impedance matrix. In this study, the rough surface has been modeled by the NURBS surface. Namely, the elements ofZ are given by (20) and,
According to the Gauss-Legendre single-integral integration formula, the element Z mn has the form as (22) where, P um ∼ P vn and G wum ∼ G wvn are degrees and weights of the corresponding Gauss-Legendre integration formula, respectively.F is obtained from
and,ũ m = G nu m , G nu m is the corresponding knot of the GaussLegendre integration formula.ṽ m ,ũ n andṽ n have a similar form as u m . D m and D n can be expressed as
Optimized Algorithm in Generating the Impedance Matrix
In (22) , the position vectors of the source point r (ũ n ,ṽ n ), filed point r(ũ m ,ṽ m ) and Green's function G(r, r ) have been repeatedly evaluated for different orders of W m and J n . It will be time-consuming to directly calculate Z mn . Analyzing the three variables, it is concluded that they are independent of the orders of W m and J n . This issue motivates several improvements to rapidly generate the impedance matrix. In this investigation, an optimized algorithm has been used by independently calculating the position vectors and the Green's function. This idea has been proposed by Notaros to analyze the scattering of a dielectric scatters [26] . Moreover, this idea can be also applied to rapidly calculate the voltage vector V m and the scattered filed. Table 1 exhibits the computing time by directly calculating Z mn and the optimized algorithm, where EM scattering from a plane surface and a sphere has been considered. To create the hierarchical higher order basis function, the maximum order is N u = 3 and N v = 3 for both u-directed and v-directed surface current. There are 4 segments along the u and v direction of the plane surface, 10 segments in the u direction and 5 segments in the v direction of the sphere. The superiority of the optimized algorithm is obvious in Table 1 .
Treatment of the Singular Integrals
When the source patch S n and the filed patch S m correspond to the same patch, the 1/R singularity will be inevitable. Many methods have been used to deal with the singularity [16, 17] . In this study, the source patch S n has been divided into five sub-patches as shown in Figure 6 . Hence, for S n = S m , Equation (13) can be also obtained as
and, expressions of F 1 ∼ F ∆ are similar as those in (21) . The integrand of the four edge sub-patches S 1 ∼ S 4 can be treated similar to the non-singular case of (20) . It is necessary to note thatũ n andṽ n is different from those in (23) , and has the following form Figure 6 . Dividing the source patch S n into five sub-patches. where,
v n can be obtained in the same way as that in (27) . The singularity subtraction method, which has been applied in [18] for higher order polynomial vector basis functions on planar triangles, is applied to calculate the integrand of the middle sub-patch ∆S. The Green's function (11) can be decomposed into two parts
And the exponent can be also evaluated in the Taylor's formula
Therefore, the first term of (29) can be computed by the GaussLegendre integration formula. The right term can be analytically calculated like
S indicates the integral area, and
where, r c is the centre of S.
NUMERICAL RESULTS AND ANALYSES
To ensure validity of the proposed technique in this paper, the angular distribution of the BSC from a 2D PEC Gaussian rough surface has been calculated in Figure 7 by the HMOM, the LMOM with RWG basis and the LMOM with rooftop basis. Both H and V polarized incident waves are considered. Parameters of the incident Gaussian beam are set at θ i = 20 • , ϕ i = 0 • and W = L/4 [12] . The edge length of the Gaussian rough surface is L = 6.3λ, and there are 64 discrete points along both x and y directions. The Gaussian rough surface is modeled by the NURBS surface with 23 control points in each direction of u and v [13] . The rms height and correlation length of the Gaussian rough surface are set to be δ = 0.1λ and l = 1.0λ. In performing the LMOM with rooftop basis, the Gaussian rough surface is divided into 20 segments in each parametric direction of u and v. The number of unknowns is N = 760 [13] . In this study, only 12 segments are divided in u and v directions. One can obtain that the discrete interval is 0.3λ of the LMOM with rooftop basis and 0.5λ for the HMOM. In other words, there are fewer segments in the parametric directions of the HMOM than those of the LMOM with the rooftop basis. The HMOM is more efficient in calculating the bistatic scattering from 2D rough surface with large size than the LMOM with the rooftop basis. The maximum order of the hierarchical higher order basis functions is N u = 3 and N v = 3 for the u-directed and v-directed surface current. The number of unknowns will be N = 2520 for the HMOM. To solve this scattering problem, the surface current unknowns will be N = 11781 of the LMOM with RWG basis. It is obviously concluded that the HMOM is more efficient for fewer unknowns and requires less memory than the LMOM with RWG basis. It is also obvious that, for the LMOM with RWG basis, N = 11781 is extremely large and hardly to solve through the conventional MOM [10] on the personal computer. Here, the parallel MOM algorithm with two processors is utilized for the calculation with the RWG basis. As can be seen in Figure 7 , the scattering pattern of the HMOM is in good agreement with that of the LMOM with RWG or rooftop basis near the specular direction.
The comparisons of the simulating time and memory requirements by the HMOM, the LMOM with rooftop or RWG basis for the same surface realization is also listed in Table 2 
corresponds to that of parallel MOM with two processors, and it is difficult to give the calculating time by the conventional MOM for the large number of unknowns. From Table 2 , it is readily found that the HMOM spends less time to solve this scattering problem than the LMOM with rooftop basis. Although the HMOM technique saves only a small percentage in terms of simulating time and requires more memory than the LMOM with rooftop basis, there are fewer segments in the parametric directions of the HMOM than those of the LMOM with the rooftop basis. The HMOM is more efficient in calculating the bistatic scattering from 2D rough surface with large size than the LMOM with the rooftop basis. Comparisons of the HMOM and LMOM with RWG basis show that the HMOM can extremely reduce the number of unknowns and memory requirements for both H and V polarizations. The HMOM is more efficient for fewer unknowns and requires less memory than the LMOM with RWG basis. However, calculating the bistatic scattering from a 2D Gaussian rough surface through the HMOM is still timeconsuming. The parallel algorithm [13, 27] or the adaptive integral method (AIM) [28] will be introduced in the future work.
In the next simulations, the properties of bistatic scattering from a 2D PEC Gaussian rough surface are investigated and discussed. 
l=1.0λ 
l=1.0λ Figure 8 and Figure 9 show the influences of the rms height δ on the BSC of co-polarization and cross-polarization with the correlation length l = 1.0λ. For the co-polarization (see Figure 8) , there is an obvious peak in the specular direction for the smaller rms height δ = 0.1λ at both HH and V V cases, because the specular peak of the coherent wave strongly depends on the surface roughness, and the roughness of the Gaussian rough surface relies on rms height, smaller rms height, more smoothness of the Gaussian rough surface, leading to the obvious peak in the specular direction. Oppositely, for larger rms height, the Gaussian rough surface becomes rougher and will generate more contribution to the incoherent wave in the non-specular direction. Considering the cross-polarization (see Figure 9 ), this phenomenon is more obvious because the BSC of the cross-polarization relies more on incoherent wave. With increasing rms height, more energy is scattered by the incoherent wave. Consequently, the incoherent scattering is enhanced with increasing surface roughness. In Figure 9 , the backscattering angle is labeled in the dashed line, and the backscattering coefficients are shown. From Figure 9 , it is found that the backscattering coefficients satisfy approximately V H = HV at the backscattering angle.
Further investigation on the relationship between the BSC and the correlation length l for both co-polarization and cross-polarization are plotted in Figure 10 and Figure 11 , respectively, where the rms height is δ = 0.1λ. As apparent in Figure 10 , there is a wider band of the BSC near the specular direction for the larger correlation length l = 1.0λ, and this behavior shows the fact that the height of Gaussian rough surface changes gently for the larger correlation length, which causes a more coherent scattering contribution to the BSC near the specular direction. Whereas, the smaller the correlation length is, the greater the BSC is far from the specular direction for both HH and V V polarizations. The primary reason for this is that by keeping the rms height constant and decreasing the correlation length, the electromagnetic roughness is constant, but the rms slope increases, leading to a higher angular spreading of the scattered energy, which implies an increase of the scattered energy in the incoherent scattering direction. Similar result is obtained by considering the cross-polarization in Figure 11 , but the BSC is greater over the whole scattering regions (including the secular direction) for the small correlation length. Similar to the computing case in Figure 9 , from Figure 11 , it is also seen that the backscattering coefficients approximately satisfy V H = HV at the backscattering angle.
The azimuth variation of the BSC from the 2D Gaussian rough surface is depicted in Figure 12 for both co-and cross-polarizations, where parameters of the Gaussian rough surface are δ = 0.1λ, l = 0.5λ. The scattered angle is θ s = θ i = 20 • . From Figure 12(a) , it is readily seen that the BSC has a greatest value with ϕ s = 0 • for both HH and V V polarizations. We attribute this behavior to the fact that the BSC in this azimuth is mainly contributed to the coherent wave. Based on the analysis mentioned above, including the influences of the BSC on the rms height and the correlation length, more coherent scattering contribution to the BSC under this condition (δ = 0.1λ, l = 0.5λ). Oppositely, the BSC is the smallest in this azimuth for the cross-polarization in Figure 12 (b). The BSC shows a 'dip' near the azimuth ϕ s = 90 • in Figure 12(a) . Namely, the coherent contribution to the BSC is the least in the direction perpendicular to the incident plane, which is built byk i andẑ. As can be also observed for the co-polarization, the BSC of the V V polarization is greater than that of the HH case for ϕ s > 90 • , and for the cross-polarization the BSC of V H polarization is almost the same as that of HV case over the whole scattering azimuth. 
CONCLUSION
This paper proposes the HMOM to investigate on the properties of the bistatic scattering from a 2D PEC Gaussian rough surface. The EFIE has been converted to a matrix equation with the hierarchical higher order basis functions and Galerkin technique. And the modified Legendre polynomials have been chosen as the basis function. An optimized algorithm has been applied to rapidly generate the impedance matrix. And a special treatment of the singular integral has also been provided in this study. The validity of this new technique is exhibited by comparing to the LMOM with RWG or rooftop basis.
Compared to the LMOM with rooftop basis, the HMOM has fewer segments in the parametric directions and has fewer unknowns than the LMOM with RWG basis. It is necessary to note that the focus of this study is only on the bistatic scattering from a 2D PEC rough surface. The influences of the backscattering cross section on the incident angle will be discussed in the future. Moreover, it is still timeconsuming in calculating the bistatic scattering from a 2D Gaussian rough surface through the HMOM. The parallel algorithm [13, 27] or the AIM technique [28] will be introduced in calculating the scattering from 2D rough surface, especially for the 2D surface with large size in the future work.
